I. Introduction
The integration theory extends from real line to the plane and three dimensional spaces by the introduction of multiple integrals. Integration procedures on finite domains underlie physically acceptable averaging process in engineering. In probabilistic estimations and in spatially discreatized approximations, e.g., finite and boundaryelement methods, evaluation of integrals over arbitrary-shaped domain Ω become the pivotal task. In practice, most of the integrals (encountered frequently) either cannot be evaluated analytically or the evaluations are very lengthy and tedious. Thus, for simplicity numerical integration methods are preferred and the methods extensively employ the Gaussian quadrature technique that was originally designed for one dimensional cases and the procedure naturally extends to two and three-dimensional rectangular/cubic domains according to the notion of the Cartesian product. Gaussian quadratures are considered as the best method of integrating polynomials because they guarantee that they are exact for polynomials less than a specified degree.
In order to obtain the result with the desired accuracy, Gaussian integration points and weights necessarily increase and there is no computational difficulty except time in evaluating any domain integral when the two and three-dimensional regions are bounded respectively, by systems of parallel lines and parallel planes.
Analysts cannot ignore at all the randomness in material properties and uncertainty in geometry that are frequently encountered in complex engineering systems. Specifically, the vital components are rated during quality control inspections according to reliability indices calculated from the average probability density functions that model failure. This entails the evaluation of an integral of the function (say joint probability frequency function) over the volume Ω of the component. In general, the Ω-shape-class is very irregular in two and three-dimensional geometry. For non parallelogram quadrilateral, very frequent in finite-element modeling, there is no consistent procedure to select the sampling point to implement a Gaussian quadrature on the entire element.
Special integration schemes, e.g., reduced integration over quadrilaterals have been successfully developed in [1] and are widely used in commercial programs. There is no methodical way to design such approximate integration schemes for polygons with more than four sides. An attempt to distribute the sampling points according to the governing perspective transformation fails to assure the error order germane to the quadrature formula. The reason can be traced to the crowding of quadrature points and this numerical computational difficulty persists in all non parallelogram polygonal finite elements [2] . A considerable amount of research has been performed to attain perfect results of domain integration for plane quadrilateral elements where numerical quadrature techniques are employed [3] . The accuracy of a selected quadrature strategy is indicated by compliance with the patch-test proposed in [4] .
The overall error in a finite element calculation can be reduced by not relying so heavily on artificial tessellation, which requires the deployment of elements with large number of sides. An elegant systematic procedure to yield shape functions for convex polygons of arbitrary number of sides developed in [5] by which the energy density can be obtained in closed algebraic form in terms of rational polynomials. However, a direct Gaussian www.iosrjournals.org 39 | Page quadrature scheme to numerically evaluate the domain integral on n-sided polygons cannot be constructed to yield the exact results, even on convex quadrilaterals. In two-dimension, n-sided polygons can be suitably discretized with linear triangles rather than quadrilaterals ( Fig. 1 ) and hence triangular elements are widely used in finite element analysis. Another advantage is to be mentioned that there is no difficulty with triangular elements as the exact shape functions are available and the quadrature formulas are also exact for the polynomial integrands [6] . Integration schemes based on weighted residuals are prone to instability since the accuracy goal cannot be controlled. In deterministic cases the underlying averaging process may be inconsistent, which was stated as a variational crime [7] . In stochastic differential equation literature [8] [9] , such averaging processes are termed dishonest [10] . Thus, the high accuracy integration method is demanded and it is meaningful when the shape functions are the very best. Therefore, there has been considerable interest in the area of numerical integration schemes over triangles [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . It is explicitly shown in [21, 24] that the most accurate rules are not sufficient to evaluate the triangular domain integrals and for some element geometry these rules are not reliable also.
To address all these short comings, to make a proper balance between accuracy and efficiency, to avoid the crowding of quadrature points this article proposed n × n points and   1 2 1   n n points higher order Gaussian quadrature formulae to evaluate the triangular domain integrals. It is thoroughly investigated that the   1 2 1   n n point formulae are totally free of crowding of Gauss points and also appropriate in view of accuracy and efficiency. Finally, it presents an error formula which can evaluate the error in monomial/polynomial integration using m × n point method successfully. The error calculated by the new formula and the error in calculation of integrals by the proposed methods are found to be in good agreement. Hence we believe that the formulae will find better place in numerical solution procedure of continuum mechanics problems.
II. Problem Statement
In finite and boundary element methods for two-dimensional problems, a pivotal task is to evaluate the integral of a function f:
Observe that I 1 can be calculated as a sum of integrals evaluated over simplex divisions" ∆ i : Integration over triangular domains is usually carried out in normalized co-ordinates. To perform the integration, first map one vertex (vertex 1) to the (-1,-1), the second vertex (vertex 2) to point (1,-1) and the third vertex (vertex 3) to point (-1, 1). This geometrical transformation to standard triangle is most easily accomplished by use of shape functions as:
The original and the transformed triangles are shown in Fig. 2 Here, we wish to mention that the evaluation of integrals I 2 in (2.9) and (2.10) by the existing Gaussian quadrature (i.e. 7-point and 13-point) will yield the same results. Thus, any one of these two can be evaluated numerically. Influences of these integrals will be investigated later to present new quadrature formulae for triangles.
III. Numerical Evaluation Procedures
In this section, we wish to describe different procedures to evaluate the integral I 2 numerically and new Gaussian quadrature formulae for triangles.
3.1 Procedure-1 (use of Gaussian quadrature for triangle, GQT):
Gaussian quadrature for triangle in [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] can be employed as Integration over the normalized (standard) triangle can be calculated as a sum of integrals evaluated over 
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Now right hand side of (3.2) with (3.3) can be evaluated by use of available higher order Gaussian quadrature for square. For clarity, we mention that each quadrilaterals in Fig. 3 is transformed into 2-square in (ξ, ε) {(-1,-1), (1,-1), (1,1), (-1,1)} space through isoperimetric transformation and that resulted the equivalent integral I 2 in (3.2).
Procedure-3:
In this section, we wish to present two new techniques to evaluate the integrals over the triangular surface and to calculate Gaussian points and corresponding weights for triangle.
Using mathematical transformation equations:
Then, the integral I 2 of (2.9) is transformed into an integral over the surface of the standard square {( , ) −1 ≤ , ≤ 1} and the (2.7) reduces to
Now the determinant of the Jacobean and the differential area are:
Now using (3.4) and (3.7) into (2.9), we get
In order to evaluate the integral I 2 in (3.8) efficient Gaussian quadrature co-efficient (points and weights) are readily available so that any desired accuracy can be readily obtained [21, 24] .
New quadrature formula, GQSTS:
In this section we are straightly computing Gaussian quadrature formula for standard triangles (GQSTS). The Gauss points are calculated simply for i = 1, m and j = 1, n. Thus the m × n point Gaussian quadrature formula for (3.8) gives
where (u r , v r ) are the new Gaussian points, G r is the corresponding weights for triangles. Again, if we consider the integral I 2 of (2.10) and substitute
Then one can obtain (on the same line of (3.9)) 
For clarity and reference, computed Gauss points and weights (for n = 3, 7) based on above algorithm listed in Table- 1 and Fig. 4a shows the distribution of Gaussian points for n = 10. In figure-4a, it is seen that there is a crowding of points at least at one point within the triangle and that is one of the major causes of error germen in the calculation. To avoid this crowding further modification is needed. This modification is obtained in the next section.
New quadrature formula, GQSTM:
It is clearly noticed in the (3.9) that for each i (i = 1, 2, … m) j varies from 1 to n and hence at the terminal value i = m there are n crowding points as shown in Table-1 and Fig.-4a . To overcome this situation, we can use the advantage of (3.9) by making j dependent on i for the calculation of new gauss points and corresponding weights. To do so, we wish to calculate gauss points and weights for i = 1, m-1 and j = 1, m + 1 -i that is
points Gaussian quadrature formulae from (3.9) as:
where , are the new Gaussian points, L r is the corresponding weights for triangles. Similarly, (3.10) can be written as
/ are the new Gaussian points, / are respectively weights of Gaussian points for triangle.
All the Gaussian points and corresponding weights can be calculated simply using the following algorithm: For clarity and reference, computed Gauss points and weights (for n = 5, 9) based on above algorithm listed in table-2 and Fig. 4b shows the distribution of Gaussian points for n = 10 i.e. 54-points formula.
IV. Application Examples
To show the accuracy and efficiency of the derived formulae, following examples with known results are considered: Computed values (by use of three procedures) are summarized in Table-3 . Some important remarks from the Table -3 are:  Usual Gauss quadrature (GQT) for triangles e.g. 7-point and 13-point rules cannot evaluate the integral of non-polynomial functions accurately.  Splitting standard triangle into quadrilaterals (IOST) provides the way of using Gaussian quadrature for square and the convergence rate is slow but satisfactory in view of accuracy.  New Gaussian quadrature formulae for triangle (GQSTS & GQSTM) are exact in view of accuracy and efficiency and GQSTM is faster in calculation of non-polynomial function.
Again, we consider the following integrals of rational functions due to [24] to test the influences of formulae in (3.9), (3.10), (3.11) and (3.12) described in procedure-3. Consider Tables-(4, 5 , 6) . In Tables (4 -6) for method GQSTS, Formula 1 is for (3.9) and Formula 2 is for (3.10) are written, for method GQSTM, Formula 1 is for (3.11) and Formula 2 is for (3.12) are written. These tables substantiated the influences of numerical evaluation of the integrals as described in section-3. Some important comments may be drawn from the Tables (4 -6 the second formula in (3.10) and (3.12) as described in procedure-3 is more accurate and convergence is higher. Here also the new formula in (3.12) requires very less computational effort.  Similar influences of these formulae in procedure-3 may be observed for different conditions on β, γ.  General Gaussian quadrature e.g. 7-point and 13-point rules cannot evaluate the integral of rational functions accurately.
It is evident that the new formulae e.g. (3.11) and (3.12) are very fast and accurate in view of accuracy and equally applicable for any geometry that is for different values of    and , . We recommend this is appropriate quadrature scheme for triangular domain integrals encountered in science and engineering.
V. Error Analysis:
Consider the integral
We are using m points along x direction and n points along y direction, the error in this method is found to be of the form Table 7 .
We know, the n-point Gaussian Quadrature rule gives exact results for polynomials of degree at most 2n-1. Thus with n = 2, we have a rule with 4 nodes which is exact for any polynomial of degrees at most 3 in x and y separately, so the total degree of this monomial is at most 6. But this rule is not exact for all monomials of degree at most 6, which includes x 6 6 . Thus p × q -point rule cannot give exact result for all monomial of order 2(p + q)-2. Let N be the maximum value of p + q for each term in the polynomial. Then N-point rule can calculate all the polynomials of order up to 2p-1 or 2q-1 in x and y separately. Hence N×N-point rule can evaluate all the monomials of degree at most 2(p+q)-2 ie 2N-2.
The method GQSTS is tested on the integral of all monomials x i y j where i , j are non-negative integers such that Table- 8, we present the absolute error over corresponding polynomial integral of order up to 30. Table 8 is in good agreement with the above statement. The results are compared with the results of [26] and it is observed that the new method GQSTS is always accurate for monomial/polynomial functions in view of both accuracy and efficiency and hence a proper balance is observed.
VI. Conclusions:
In continuum mechanics and in spatially discreatized approximations, e.g., finite-and boundary-element methods, evaluation of integrals over arbitrary-shaped domain Ω is the important and pivotal task. Most of the integrals defy our analytical skills and we are resort to numerical integration schemes. Among all the numerical integration schemes Gaussian quadrature formulae are widely used for its simplicity and easy incorporation in computer.
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In general, the Ω -shape-class is very irregular in two and three-dimensional geometry. If the domain Ω is subdivided into quadrilaterals or into hexahedron respectively in two and three-dimensions, higher order Gaussian quadrature formulae are readily available. Furthermore, reduced integrations techniques compliance with the patchtest is also available [1, 4] . It is notable that there is no methodical way to design such approximate integration schemes for polygons with more than four sides. Generally simplexes e.g., triangle and tetrahedron are popular finite elements to discretized the arbitrary domain Ω. Though these are the widely used elements in FEM and BEM, Gaussian quadrature formulae for the triangular/tetrahedral domain integrals are not developed as compared to the square domain integrals. To achieve the desired accuracy of the integral it is necessary to increase the number of points and corresponding weights. Therefore, it is an important task to make a proper balance between accuracy and efficiency of the calculations. For the necessity of the exact evaluation of the integrals, this article shows first the integral over the triangular domain can be computed as the sum of three integrals over the square domain. In this case the readily available quadrature formulae for the square can be used for the desired accuracy. The results obtained are found accurate in view of accuracy and efficiency. Secondly, it presented new techniques to derive quadrature formulae utilizing the one dimensional Gaussian quadrature formulae and that overcomes all the difficulties pertinent to the higher order formulae. The first technique (GQSTS) derives two-types of m × m point quadrature formula utilizing the one dimensional m-point Gaussian quadrature formula. Finally, in the second technique (GQSTM) two-types of Finally, an error formula for numerical double integral using Gaussian quadrature is described. The error calculated by the new formula (5.1) and the error in calculation of integrals by the proposed methods are found to be in good agreement.
Thus, we believe that the newly derived appropriate quadrature formulae for triangles and error formula will ensure the exact evaluation of the integrals in an efficient manner and enhance the further utilization of triangular elements for numerical solution of field problems in science and engineering. -0.7745966692414834E+00 -0.7745966692414834E+00 -0.7745966692414834E+00 0.0000000000000000E+00 0.0000000000000000E+00 0.0000000000000000E+00 0.7745966692414834E+00 0.7745966692414834E+00 0.7745966692414834E+00 -0.8000000000000000E+00 -0.1127016653792583E+00 0.5745966692414834E+00 -0.8872983346207417E+00 -0.5000000000000000E+00 -0.1127016653792583E+00 -0.9745966692414834E+00 -0.8872983346207417E+00 -0.8000000000000000E+00 0.2738575106854138E+00 0.4381720170966623E+00 0.2738575106854138E+00 0.2469135802469134E+00 0.3950617283950617E+00 0.2469135802469134E+00 0.3478446462322783E-01 0.5565514339716456E-01 0.3478446462322783E-01 7 -0.9491079123427585E+00 -0.9491079123427585E+00 -0.9491079123427585E+00 -0.9491079123427585E+00 -0.9491079123427585E+00 -0.9491079123427585E+00 -0.9491079123427585E+00 -0.7415311855993945E+00 -0.7415311855993945E+00 -0.7415311855993945E+00 -0.7415311855993945E+00 -0.7415311855993945E+00 -0.7415311855993945E+00 -0.7415311855993945E+00 -0.4058451513773972E+00 -0.4058451513773972E+00 -0.4058451513773972E+00 -0.4058451513773972E+00 -0.4058451513773972E+00 -0.4058451513773972E+00 -0.4058451513773972E+00 0.0000000000000000E+00 0.0000000000000000E+00 0.0000000000000000E+00 0.0000000000000000E+00 0.0000000000000000E+00 0.0000000000000000E+00 0.0000000000000000E+00 0.4058451513773972E+00 0.4058451513773972E+00 0.4058451513773972E+00 0.4058451513773972E+00 0.4058451513773972E+00 0.4058451513773972E+00 0.4058451513773972E+00 0.7415311855993945E+00 0.7415311855993945E+00 0.7415311855993945E+00 0.7415311855993945E+00 0.7415311855993945E+00 0.7415311855993945E+00 0.7415311855993945E+00 0.9491079123427585E+00 0.9491079123427585E+00 -0.9504029146358146E+00 -0.7481081943789639E+00 -0.4209640416964355E+00 -0.2544604382862081E-01 0.3700719540391937E+00 0.6972161067217224E+00 0.8995108269785730E+00 -0.9556849211223279E+00 -0.7749342496082218E+00 -0.4826304010243249E+00 -0.1292344072003028E+00 0.2241615866237192E+00 0.5164654352076163E+00 0.6972161067217224E+00 -0.9642268026617967E+00 -0.8183164352463221E+00 -0.5823551434482712E+00 -0.2970774243113015E+00 -0.1179970517433171E-01 0.2241615866237192E+00 0.3700719540391937E+00 -0.9745539561713792E+00 -0.8707655927996972E+00 -0.7029225756886985E+00 -0.5000000000000000E+00 -0.2970774243113015E+00 -0.1292344072003028E+00 -0.2544604382862081E-01 -0.9848811096809618E+00 -0.9232147503530723E+00 -0.8234900079291260E+00 -0.7029225756886985E+00 -0.5823551434482712E+00 -0.4826304010243249E+00 -0.4209640416964355E+00 -0.9934229912204305E+00 -0.9665969359911727E+00 -0.9232147503530723E+00 -0.8707655927996972E+00 -0.8183164352463221E+00 -0.7749342496082218E+00 -0.7481081943789639E+00 -0.9987049977069439E+00 -0.9934229912204305E+00 44 point -0.9602898564975363E+00 -0.9602898564975363E+00 -0.9602898564975363E+00 -0.9602898564975363E+00 -0.9602898564975363E+00 -0.9602898564975363E+00 -0.9602898564975363E+00 -0.9602898564975363E+00 -0.9602898564975363E+00 -0.7966664774136268E+00 -0.7966664774136268E+00 -0.7966664774136268E+00 -0.7966664774136268E+00 -0.7966664774136268E+00 -0.7966664774136268E+00 -0.7966664774136268E+00 -0.7966664774136268E+00 -0.5255324099163290E+00 -0.5255324099163290E+00 -0.5255324099163290E+00 -0.5255324099163290E+00 -0.5255324099163290E+00 -0.5255324099163290E+00 -0.5255324099163290E+00 -0.1834346424956498E+00 -0.1834346424956498E+00 -0.1834346424956498E+00 -0.1834346424956498E+00 -0.1834346424956498E+00 -0.1834346424956498E+00 0.1834346424956498E+00 0.1834346424956498E+00 0.1834346424956498E+00 0.1834346424956498E+00 0.1834346424956498E+00 0.5255324099163290E+00 0.5255324099163290E+00 -0.9687924202367442E+00 -0.8392867214556355E+00 -0.6210479706453962E+00 -0.3376704201677756E+00 -0.1985507175123180E-01 0.2979602766653120E+00 0.5813378271429326E+00 0.7995765779531718E+00 0.9290822767342806E+00 -0.9643270581779194E+00 -0.8173387381173184E+00 -0.5737699931387190E+00 -0.2664521977773301E+00 0.6311867519095693E-01 0.3704364705523460E+00 0.6140052155309454E+00 0.7609935355915465E+00 -0.9611812354352877E+00 -0.8028487233396140E+00 -0.5467987609586445E+00 -0.2372337950418355E+00 0.7233117087497343E-01 0.3283811332559430E+00 0.4867136453516165E+00 -0.9600410418417249E+00 -0.7995317256959110E+00 -0.5494777843396608E+00 -0.2670875731646896E+00 -0.1703363180843920E-01 0.1434756843373746E+00 -0.9616948561788959E+00 -0.8115650136036089E+00 -0.5917173212478248E+00 -0.3718696288920410E+00 -0.2217397863167538E+00 -0.9670568402059502E+00 -0.8434211981700837E+00 
